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Abstract: A class of quasi-linear hyperbolic second order partial differential equation (PDE) in a Banach space was
investigated using some fundamental result established by Browder and Egwurube. The quasi-linear hyperbolic second order
partial differential equation was converted to Cauchy-like equation, than show that the operator A is accretive, M-accretive

and thus admits a solution.
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1. Introduction

A partial differential equation (PDE) is an equation involving
an unknown functionu of two or more variables and some or
all of its partial derivatives. The partial differential equation
is usually a mathematical representation of problems arising
in life, around us. The process of understanding physical
systems can be; Modeling the problem or deriving the
mathematical equation (The derivation process is usually a
result of conservation laws or balancing forces), solving the
equation (PDE), and studying properties of the solution. In
mathematics, a hyperbolic partial differential equation of
order n is a partial differential equation (PDE) that, has well-

posed initial value problem for the first n —1 derivatives.
More precisely, the Cauchy problem can be locally solved
for arbitrary initial data along any non-characteristic hyper-
surface. Many of the equations of mechanics are hyperbolic,
and so the study of equation is of substantial contemporary
interest. The model hyperbolic equation is the wave equation.
In one spatial dimension, that is

ot (1)

The equation (1) has the property that, ifu and its first time
derivative are arbitrarily specified initial data on the line
t = 0 (with sufficient smoothness properties), then there
exists a solution for all time t. The solutions of hyperbolic
equations are “wave-like”. If a disturbance is made in the

initial data of a hyperbolic differential equation, then not
every point of space feels the disturbance at once. Relative to
a fixed time coordinate, disturbances have a finite
propagation speed. They travel along the characteristics of
the equation. This feature qualitatively distinguishes
hyperbolic equations from elliptic partial differential
equations and parabolic partial differential equations. A
perturbation of the initial (or boundary) data of an elliptic or
parabolic equation is felt at once by essentially all points in
the domain. A partial differential equation is hyperbolic at a
point p provided that the Cauchy Problem is uniquely

solvable in a neighborhood of p for any initial data given on
a non-characteristic hypersurface passing through p [1].

Here the prescribed initial data consist of all (transverse)
derivatives of the function on the surface up to one less than
the order of the differential equation In the early twentieth
century, an existence theorem for the solution of the Cauchy
problem for a single hyperbolic equation of higher order was
obtained under the requirement of a fairly high smoothness
of the coefficients of the equation [2]. According to [3], the
Cauchy problem for hyperbolic quasi-linear equations of
higher order has been studied by reducing it to a similar
problem for quasi-linear partial differential equation of order
one. The hyperbolic equations constitute a broad class of the
equations for which Cauchy problem is well-posed. In this
case the Cauchy problem is global in nature, but the
condition that hypersurface be non-characteristics is no
longer sufficient. It is necessary that hypersurface is a space-
like surface. [4] Investigated a class of quasi-linear
hyperbolic first order partial differential equation (PDE) in a
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Banach space, by converting it to Cauchy-like problem and
thereafter established that it is m-accretive. [5] Used the
same technique on a class of quasi-linear parabolic partial
differential equations before arriving at the fact that it is also
m-accretive. According to [6], equations of hyperbolic type
occupy a special place among the second-order non-linear
differential equations. Observed the "loss of one derivative"
in the inversion of the second-order hyperbolic operator leads
to principal obstacles in the study of non-linear hyperbolic
equations. Even the local theory of non-linear hyperbolic
equations and systems required the development of a special
theory of implicit functions in non-linear functional analysis,
since the classical implicit-function theorem in functional
analysis turned out to be inapplicable here. This study is
aiming at extending [4] work on a Cauchy problem for a
class of quasi-linear hyperbolic first order partial differential
equation (PDE) in a Banach space, to a Cauchy problem for a
class of second order quasi-linear hyperbolic partial
differential equation (PDE) in a Banach space.

2. Methodology

Let X be a real Banach space with norm H . H and dual x " .

An operator A with domainp (A) and ranger (A), in X is

said to be accretive [8], if for all x ,x, e D(A)andr > 0,
there holds the inequality.

Hxl—xzusuxl—xz+(Axl—Ax2)H (2

An accretive operator A is said to be m-accretive if
R(l +rA)=x for all r >0, where | is the identity
operator on X. In terms of the concept of contractions, an

-1
operator A is said to be accretive if R(I +T1A) "is a
contraction for r > 0 thatis if

Hx1 + rAX | — (X, + rAX 2)H > Hxl B XZH. 3)

If X is a Hilbert space, the accretive condition (3) reduces
to

Re (Ax, + Ax,,x, + x,y = oforallx  x, e x (4

Lemma [4]

Let X be a real Banach space and let A: D (A) = X — X

be an m-accretive operator such
1

u=(A+ nfll)xl,v =(A+n 1)x,

Where u,ve X;x,x,e D(AyneR’
Then operator (A +n 1) : X — D(A)is continuous and

bounded.

Let reproduce the proof in [4], for completion purposes
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Proof of Lemma [4]:
Given U,ve X;x,x, e D(AyneR’

as defined above we have

1

((A+n’l|)X1+(A+nf|)szj>3£”x1_x2”z for
n

je J(x, —x,)

This implies that

H(A+ n') tu - (A n’ll)’lvHs n||u —v||

which shows the continuity of (A +n nt

Now let V= 0,%, € D(A) with 0 = (A+n""1)x,, then
we have

H(A+n_1l)_1u

< o]+ ol

This proves the boundedness of the operator (A + n T

This ends the proof.

3. RESULTS

Existence of Solution of Quasi-Linear
Equation

Considering a quasi-linear hyperbolic second order partial
differential equation defined by

Hyperbolic

Uy =(f(u), =0 o0<x<1 (5)
u(0,x) =u,(x), 0<x<1
u(t,0) =u(tl) =0 t>0,

Whereg : R — R i continuous, strictly increasing

and ¢ (0) = 0, which we transform into the initial
value problem

a0 Uu(0)=u, ©)
dt

defined on a Banach space X = L'[0,1] assuming

that U, is continuous, strictly increasing,

u,(0)=0,u_ (R)=R and consequently A is
m-accretive.
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3.1 Theorem:

Let X = L'(o41)),
D(A)={ueC[01]:u(0)=u() =0, f(u) and f(u)
are Lipchitz continuous} and A(u)=-(f(u) , for

u e D (A); then A is m-accretive.

Remark: The operator A acts in accordance with Partial
Differential Equation and D (A) consists of functions
satisfying boundary condition

Proof of theorem 3.1:

First, it is to good show that the operator A is accretive.
Since f is Lipchitz on [0,1]then f is absolutely continuous

on[o,1]. Let g : R — R such that g is Lipchitz continuous,
strictly increasing with zero kernel (f (0) = 0) and

lg|<1and ¢ (s) = [g(t)dt. Thenifu,v e D(A)and
0

r>0
We have

1 1

[ (Au = Av)g(f(u)- f(v)de=[-(f(u)- F) g(f(u)- f(v)d

Using integration by part, letting
U =g(f(u)-fv)),
du =g (f(u)— f)F(u)-f(v) dx
dv = —(f(u)- f(v) dx,
Vo= —(fu)- fv)
We have
=—g(f(u)- fFN(F)-fE)I,
+}((f(u)— foN) g (fw - fopa O

= [g (f(u)— F N F)=f(v)) dx

1

= [o((F )= F()) de=p((Fu@)-frw)=0 (8

0

We observe that,

(W-v)g(fu)-f)=u-v|g(fu) -yl ©
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From the assumption on g and equation (9) above it follows
that

H(u - V) +r(Au + Av)|dx

0

1

> “((u ~v)g(f(u)~ F(v))+r(Au+Av)g(f(u)- f(v)|dx

> J'|u ~v|g (f (u) - F(v)]dx (10)
If g = g, inthe equation (10) where
[ =, |s|£f]

9,(s) =4 L (11)
| signs |s|> )

Andletn —» oo, (u—-v)g, (f(u)- f(v)) > |u —v|,then
from equation (10) follows that

||(u -v)+ (Au — Av)” > ||u - v|| (12)

Which shows that A is accretive

Now it remains to show that it is m-accretive, that is,
R(I + A) = L([0,1]), Where | is the identity operator, R is
range, and r is assumed to equal to 1.

Consider, h e L[0,1], ue D(A) such that

he(l + A)u Orh—u= Au.

for u = g(v) and B(U)=¢ " means that the setting
u(0) =u@) =0 and U = ¢(u-h) can be solved. Since

A is accretive then if s (u) e D(A) and B (U) = u -h,
then,

lp@l, <|pw -u" - sy -of =[n], = max |
Also by the mean value theorem, for some
Eel[01lu (£)=0 since u(0) =u(@) =0
‘u'(x)‘s j;u “(s)ds | < I:|ﬁ(u)— hlax < 2[n] .
and
lu(x)] < J‘:u'(s)ds sj:‘u'(s)‘ds

< 2]y = e o

0<x<1
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Since the operator A has been shown to be accretive, and
since R (1 + A) = L[0,1], then it is m-accretive. Hence by

[8], this operator A for nonlinear parabolic problem admits a
solution. Hence, we have obtained a solution for this class of
second order quasi-linear hyperbolic partial differential
equation problem. This ends the proof.

Or

Now it remains to show that it is m-accretive, that is,
R(I + A) = L([0,1]), Where | is the identity operator, R is

range, and r is assumed to equal to 1. Since f is Lipchitz
continuous, strictly increasing with ( f (0) = 0) then

HAu - Avldx = ”(f(u)— f(v))"dx

=[fu@) - fv@)|sku@-v@| @3)

Also since u,v e D (A) and from the theory of integrals of
functions defined on C[0,1] we observe that

u@) - v)|s J'k|u ~ vdx

0

(14)

Therefore from (13) and (14) we obtain
[ = av]< ko -],

Hence A is Lipchitz on [0,1] and since A has previously

been shown to be accretive; the operator A is m-accretive by
the fundamental result of [8]. And by lemma established in

[4], the operator (A +n 1) "is continuous and bounded.

Similarly by another result due [4] the problem defined by
(7) does admit a solution.

5. Conclusion

The m-accretiveness of the quasi-linear operator in space of
Lipchitz continuous domain problem has been established,
just as it was observed in the hyperbolic case as by [4]. We
have established in this work that, a Cauchy problem for a
quasi-linear second order hyperbolic partial differential
equation of the kind in equation (5) defined on a Banach

space X = L'[0,1] is continuous, accretive, M-accretive

and thus admit a solution. The analysis of this quasi-linear
second order hyperbolic partial differential equation problem
for accretive properties will no doubt help mathematics
educators, researchers and scientists who are interested in
quasi-linear partial differential equations.
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