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Abstract: This paper conducted a study on the application of variation of parameters as method in solving electric circuit analysis problems
particularly the series combination of resistor, inductor and capacitor (RLC). The researcher wanted to explore the ideas of solving the
second-order circuits using the method of variation of parameters as a user-friendly method which has been tested by the researcher. The
paper tried to explain and discuss the method of variation of parameters in three distinct cases namely real and distinct roots, real and
repeated roots, and complex and conjugate roots. The researcher exposed and expounded formulas and present variation of parameters in
solving linear differential equation of second-order. The generalization of principles and concepts were established through examples. This
study was able to derive the variation of parameters formula for electric circuit analysis specifically series resistor, inductor and capacitor.
Results showed that the variation of parameters can be used as a method for solving series RLC electric circuit.
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1. Introduction

Electric circuit analysis is one of the foundations of electrical
engineering. Almost all branches of electrical engineering,
such as power systems, electrical machines, electronics,
control systems, are based on circuit theory. Thus, it can be
said that basic circuit theory is considered as one of the most
important subjects in electrical engineering curriculum. An
electric circuit is determined by the type of elements it
contains and the manner in which the elements are connected
[1]. The relationships of different variables related to the
analysis of circuits are expressed in the describing equations.
The describing equations for resistive circuits are simple
algebraic equations. However, the circuits are not only
resistive but inductive or capacitive in nature. The describing
equations for these types of circuits are differential rather
than algebraic. The application of Kirchhoff’s Laws to these
networks gives rise to differential equations that, in general,
are more difficult to solve than algebraic equations [2,4].
Most of the electrical engineering problems, especially the
circuit analysis is governed or characterized by differential
equations. This equation can be solved using the method of
undetermined coefficients. For the differential equation
shown in equation 1, the method of undetermined coefficient
can be used [3].

a()y"” + b(x)y"+ c(y = f(x) €y

The method of undetermined coefficients works only when
the coefficients a, b, and c are constants and the right-hand
term f(x) is of special form, i.e. exponential, polynomial,
sine, cosine, or combinations. If these restrictions do not
apply to a given nonhomogeneous linear differential
equation, then a more powerful method of determining
particular solution is needed, the method known as variation
of parameters [3,5]. In electrical engineering, the variation of
parameters is not given much attention on books and
researches. This paper conducted a study on the application
of variation of parameters as method in solving electric
circuit analysis problems particularly the series combination
of resistor, inductor and capacitor. The researcher wanted to
explore the ideas of solving the second-order circuits using
the method of variation of parameters as a user-friendly
method which has been tested by the researcher.. This study

focused on the method of variation of parameters, as well as
the applications of these methods to series RLC circuit
(resistor-inductor-capacitor). This study hopes to stimulate
the interest of students toward solving electric circuit
analysis in different way. This can be used by instructors in
engineering mathematics and electrical engineering as an
additional input study for their lectures. This can also be
used by professionals as an alternative technique in solving
differential equations and some circuit analysis. This study
may also be helpful for future researchers as basis to study,
analyze and expound the techniques and formulas under
study. This paper may be helpful not only to the students and
educators but also to those with knowledge and interest in
calculus especially engineering professionals.

2. Methodology

This study is descriptive and expository in nature. The paper
tried to explain and discuss the method of variation of
parameters. The researcher exposed and expounded formulas
and present variation of parameters in solving linear
differential equation of second-order. The generalization of
principles and concepts were established through examples.
It also discussed the related theorems and basic concepts to
aid understanding of the main concept. This research relied
on books dealing with differential equations, differential and
integral calculus, engineering mathematics and electric
circuit analysis. The derivation of the general formula for
finding the relationships between the variables such as
current, voltage and time was shown. The electric circuit
problems were then solved using the method of variation of
parameters. The researcher then recorded, compiled,
synthesized and analyzed the gathered information as the
highlights of the study.

3. Results and Discussion

This section discusses the results of the implemented
methodology of the study. As shown in figure 1, the circuit is
composed of the voltage source, resistor, inductor and
capacitor.
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Figure 1: Series RLC Circuit

By applying Kirchhoff’s Voltage Law [2], the total
voltage is equal to the sum of the voltages across the resistor
R, inductor L, and capacitor C. In equation form,

vp(t) + v, () + vc(t) = v (2)
By substituting the voltages in terms of their characteristics,

the equation becomes

i(t)R+L d;(tt) + %f i(t) dt = V,sinwt 3

Differentiating and rearranging, the equation becomes
d%i(t) Rdi(t) 1 wV,, cos wt

acz "L ar TIc i = L

4)

This equation (4) is a second-order linear ordinary
differential equation with constant coefficients. First solve
for the complimentary solution of the homogeneous
differential equation
d?i(t)
dt?

RAI() 1.0 o
Zdt+ﬁl(t)_ (5)

Using the quadratic formula to solve for the roots,
R R? 1

——t —=—-= (6
wt T ©

m=

For simplicity of solution, let
m=—-a =+ (7)

R R? 1
where:a = — and f= /—Z— —.
2L 4L LC

From these roots, we have 3 possible cases.

3.1 Real and Distinct Roots (Case 1)
The roots are real and unequal if

R? 1

wuz 7 Lc’

The roots are

R R2 1
m=—-—+4 |[—=-= and
2L 412 LC
m = R R? 1

27 gL 412 LC’

The complementary solution of the homogeneous equation is
i.(t) = Cie™t + Ce™t (8)

Now, solve for the particular solution, iy(t), using variation of
parameters.
The assumed value of i(t) is

ip(t) = A(t) e™* + B(t) e™2* 9

NF 1JARP

The first step is to construct the two equations needed to

solve for A’(t) and B’(t) using equations 5 and 6. The two
equations are

A'(t) e™t + B'(t) e™t = 0; (10)

w Vy, cos wt

L

A'(t) my e™t + B'(t) m, e™2t =

(11

Then find A’(t) and B’(t) by solving equations 10 and 11
using Cramer’s rule,

0 emzt
|me cos wt Myt
L 2€
A(t) = emit oMzt
m, emt m, emzt
0— (me cos wt) omzt
A = L

(emlt m2 emzt — emzt m1 emlt)

omat (—meLcos wt)

! —
A (t) T oemat (mz emt — m, emlt)

—wV,, cos wt

A'(t) = .
® Le™t (m, — my)

The next step is to solve for the value of A(t) by integration.

The equation is
—wV,, cos wt

A(t) = fLemlf(mz m— dt .

Since Vp,, ®, my, my, and L are constants, the equation will
yield,

A
A(t) = = j e ™t coswt dt .

L(my; — my)

Use integration by parts to solve for A(t). The solution is
fudv=w— [vdu

du = —wsinwt dt
v=—e
my

let u = cos wt;

let dv = e ™, —mat

f e ™t cos wt dt

= (coswt) (:n—l e‘mlt)

1

- f(i e‘mlt) (—w sin wt dt)

my

f e ™t cos wt dt
= — e ™t coswt

- — fe‘mlt sinwt dt . (12)

Solving for
[ e ™t sin wt dt

using integration by parts,

letu =sinwt; du = wcoswtdt
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letdv=e™tdt; v=—e
my

—mqt

f e ™t sin wt dt

-1
= (sin wt) (— e_m1t>
m

_ f (__1 e—mlt) (w cos wt dt)

my
-1
fe‘mlt sinwt dt = — e ™! sin wt
my
w t
+ — | e™fcoswtdt. (13)
my

Then substitute equation 13 to equation 12,

f e ™t cos wt dt

-1
= — e ™t coswt
my
w -1 .
[— e ™t sin wt
my

_ m_1
w t

+ — | e™tcoswt dt]
my

f e ™t cos wt dt

= — e ™! coswt
my
)

(m,)?
(UZ

 (my)?

e~™t sin wt

f e ™t cos wt dt .

Combining similar terms, the equation will yield
2

)
je‘mltcoswt dt + CHE je‘mltcoswt dt
1

= — e ™t coswt
my

T 2

f e ™t cos wt dt

e ™t sin wt

[1 £ 2
(my)?
= — e ™t coswt
my

HECHE

e ™t sin wt

f e ™t cos wt dt

-1 _ w - .
— e ™l coswt + ——7 e ™! sinwt
my (my)

Simplifying, the equation becomes

e ™t (—m, cos wt + w sin wt)
f e ™t coswt dt =

(my)? + w?
Therefore,
A(t) = _ 0V fe‘mltcos wt dt
L(my — my)

NF 1JARP

(—m, cos wt + w sin wt)
(my)? + w?

—wV,e ™t

L(my, — my)

A(t) =

Then solve for B’(¢) using Cramer’s rule,
emt 0

wl,, cos wt
myt m

m, e

1 L

emzt

B'(t) =

emit

my emlt m, emzt

(e™it) (me E,OS wt) 0

(emlt m2 emzt — emzt m1 emlt)

B'(t) =

(emit) (me <l:los wt)

B0 = mnyim, emr = my emn)

wV,, cos wt
L
em2t (my, — my)

B'(t) =

Then solve for B(t) using integration by parts. The equation

IS
wV,, cos wt

B(t) = f L dt

emzt (my — my) .

Since Vi, @, my, My, and L are constants, the equation is now

wV,
B(t) = —— fe‘mztcoswt de .
L(m, —my)

Solving for
f e ™2t cos wt dt

using integration by parts,

letu=coswt; du= —wsinwtdt
—myt 1
letdv=e ™!, p=—e ™
m,

-1
f e ™t coswt dt = (cos wt) (— e‘mzt)
m;

_ f (__1 e‘mzf) (—w sin wt dt)

m;

-1
fe'mztcos wtdt = — e ™2t coswt
m;
1) ot
— — | e™! sinwtdt. (14)
m;

Solving for
f e~™2t sin wt dt

using integration by parts,
letu =sinwt ; du= wcoswt dt

-1
letdv= e ™t;, p=—¢

m;

—myt
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fe‘mzt sin wt dt

= (sinwt) (r_n_l e‘mzt)

2

_ f(__l e—m2t> (w cos wt dt)

m;

fe‘mzt sin wt dt

= — e ™2t sinwt
m,
w t

+ — [ eT™'coswtdt. (15)
m;

Substituting equation 15 to equation 14,

-1
fe‘mztcos wtdt = — e ™2t coswt
m;
w -1 _ .
— — |— e ™" sinwt
m; Lm,
w —m,t
+ — | eT™2t coswt dt
m;

- 13
fe‘mztcoswt dt = — e ™2 coswt + —
m; (my)

2

sin wt

w

— —— | e™2t coswt dt .
(m,)? f

Combining similar terms,

2
1)
e ™t coswtdt + —— | e ™! coswt dt
(my)?

-1 )
=—e ™ coswt+ —
m; (mz)

[1 + o’ —mat tdt
e e CoOSs w
(my)? j

-1 . w
= — e ™! coswt + >
m; (my)

sin wt

sin wt

-1 _ w
— e ™2t coswt + ——7sin wt
m; (m5)

fe‘mztcoswt dt = 5

[+ Goy]

(my)?
Simplifying,

J-e'mztcoswt dt =

(m2)2 + w?
Therefore,

_ oV,
B = L(m, —my) .[

WV, e~m2t [ (-m, cos wt + w sin wt)

—M2t cos wt dt

B L(m; —my) (my)?* + w?

After solving for A(t) and B(t), substitute to iy(t),
ip(t) = A(t) e™" + B(t) e™2*

i
P
—wh,e ™™ [(-my coswt + wsinwt)|]
= e 1
L(m, — my) (m)? + w?
— t .
N wVy, et [ (-m, coswt + w sin wt) oot
L(m; —my) (my)* + w?

e ™2t (-m, cos wt + w sin wt)

NF 1JARP

Combining similar terms and simplifying,

) oV, (m, cos wt — w sin wt)
P Im—m) | )P+ w?
(-m, cos wt + w sin wt)
(m3)? + w?
Since
() = () + ip(2),
then
i(t) = Clemlt + Czemzt

wVy,

(m, cos wt — w sin wt)
+
L(m, —my)

(m1)? + w?

(-m, cos wt + w sin wt)
. (16)
(m3)? + w?
R R? 1

2L * 41>  LC

R RZ 1
M=o T Jar T Ic

To verify the validity of this equation, let us use this equation
in an example.

Example 1. Suppose the given circuit parameters are:
R=10Q,L=1H,C=1/16F, V,=10V, ® =2 rad/s
The first step is to determine in what case the circuit belongs.

R* 107 s
412~ 4(1)?
11 16
LC (1)
(1)
R? . 1
since iz LC’

then this falls under case 1.

Therefore, equation 16 must be used as shown below.
l(t) = Clemlt + Czemzt
4 WV, (m, cos wt — w sin wt)
L(my —my) (m)? + w?
(-my coswt + wsinwt)
(16)
(my)?* + w?

The next step is to determine the roots,

__R, |B2_1
m==0 ez " 2(1) + 4(1)2 (1)
m; = and my; = —

then plug-in the values to equation 16 to get
l(t) = Cle_Zt + Cze_St
(2)(10) [(—2 cos2t — 2sin2t)
D(-8+2) (=2 + (2)?
(8cos2t + 2sin2t)
(-8 + (2)?

Combining similar terms and simplifying,
i(t) = Cie™?' + C,e 8 + 0.441cos2t + 0.735sin 2t .
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3.2 Real and Repeated Roots (Case 2)
The roots are real and equal if
R? 1
412~ LC’ _ (L mt)_i(l mt)
The roots are . v=t (m ¢ m \m ¢
m; =m; = ——.
L)) . temt_iemt
- - - m m2
The roots are always negative for case 2 since there will be
no negative value of R and L. Therefore, use Therefore,
T = T = . te™ coswt dt
The complementary solution of the homogeneous equation is mt 1
— mt
i.(t) = Cle™™ + Cyte ™, = (cos wt) . e
te™ 1 . )
— f e e™ | (—w sin wt dt)

Now, solve for the particular solution, iy(t), using variation of

parameters.
The assumed value of i(t) is
i) =A) e ™ + B(t)te ™.

Aside from using equations 5 and 6, we can also use the
derived variation of parameters formula as shown in
equations 7 and 8. Solving for A(t) using equation 7,

A) = — y2(£) G(t)
I |

d d

-mt

dy,
—= = —me

dt

dy,
—== —mte ™ 4 g™
w Vm cos wt

dt
(t e_mt)( L )

(e=™Mb)(—m t e~ME4 g=Mb)_ (£ g=ME)(—me—Ml)]

dt

_f[

AQ) =
te ™ wV, coswt

L
- -mt e—th + e—th + mt e—th

dt

A() =
te™wV, cos wt
A = — j )

Since m, ®, V,, and L are constants,
w Vi
A(t) = - f te™ coswt dt.

Solving for
ftemt coswt dt

using integration by parts,
letu=coswt; du= —wsinwt dt
. tem 1 .
dv=te™dt; v= ——zem.
m m
Solving for

v=jdv= jtemtdt

using integration by parts,

letw=t; dw=dt

dz = e™ dt;

ftemt coswt dt
t : 1 .
—e™ cos wt — — e™ coswt

w .
+ - te™ sinwt dt
w .
3 e™ sinwt dt . (17)

Solving for
f e™ sinwt dt

using integration by parts,

letu =sinwt ; du= wcoswt dt

t 1 t
dv=e™dt; v=—e™
m

f e™ sinwt dt = (sinwt) (—m emt)
1
_ mt
f( e )(wcoswt dt)

1
femt sinwt dt = —e™ sin wt
m
w t
— — | e™ coswt dt. (18)
m

Solving for
j t e™ sin wt dt

using integration by parts,
du = wcoswt dt

let u = sinwt ;
. te™t 1 .
dv=te™dt; v= ——Zem
m m
t e™ sin wt dt
mt 1
= (sinwt —— ™
oo (5 - o e
te™t 1 .
— 2 e™ | (wcoswt dt)
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f te™ sinwt dt

tem 1
= sinwt — — e™! sinwt
m m2

w t
— — | te™ coswt dt
m

—+

w
- fem‘ coswt dt . (19)

Substituting equations 18 and 19 to equation 17 will yield

te™ coswt dt

3]

mt 1 mt
cos wt — — e cos wt
. m

3[=
3

1
sinwt — — ™ sinwt
m

t e™ coswt dt

3le3le3|w

—

e™ cos wt dt]

|e 3|e

N
—
|-

e™ sin wt

3|e3

—
@

mt cos wt dt]

ftemt coswt dt
b ome 1 t
= —e™ coswt — — e™ coswt
m
w . w .
+ — te™sinwt — — e™ sin wt
m
- — ftemtcoswt dt
t w o
+ — | e™ coswt dt——3 e™ sin wt
m

+ = jemtcoswt dt.

Combining similar terms and simplifying,

2
1)

<1 + —2> ftem‘ coswt dt
m

t
= —e™coswt — — e™ coswt
m m

w ¢ 2w ¢
+ — te™ sin wt — — e™ sin wt
m m
2w? .
+ —5 | e™coswt dt. (20)
m
Solving for
f e™ cos wt dt
using integration by parts,
letu=coswt; du= —wsinwt dt
t 1 t
dv=e™dt; v=— e™
m

1
femt coswt dt = (coswt) (E emt)

— f(l emt) (—w sin wt dt)

m

NF 1JARP

f e™ coswt dt = cos wt

emt
+ femt sinwt dt. (21)

Sley|m-

Substituting equation 18 to equation 21,
1

femt coswt dt = e™ coswt

m
wl .
+ — [—emt sin wt
m lm
1)

- — femt cos wt dt]
m

1 w
femt coswt dt = — e™ coswt + — e™ sinwt
m m

0)2

- ermt coswt dt.

Combining similar terms and simplifying,

(I)Z
1+ — femtcosa)t dt
m

1 : w ¢
= - e™ coswt + Wem sin wt
1 e W mt
. m € coswt+me sin wt
m j—
fe coswt dt = 2
L+ o2
e™ cos wt dt
me™ coswt+ we™ sinwt
- m? + w? - (@2
Substituting equation 22 to equation 20,
w? .
1+ — te™ coswt dt
m
t t mt
= Eem cos wt — z e™ coswt

w mt o; 2(,() mt o;
+ — te’"sinwt — — e sinwt
m

2w?

me™ coswt+ we™ sinwt
m? + w? ’

m3

Combining similar terms and simplifying,

2
)

<1+ —2> jtemt coswt dt
m

. t 1
= e™ coswt |—— —
m m
2w*m
+ -
m3(m? + w?))
¢ wt 2w
+ e™ sin wt — - —
m m
2w3 ]
+ -
m3(m? + w?))

[te™ coswt dt =
[m (m?+ w?) t- m?+ w?

cos ot [m (m?+ w?) wt-2wm?]
@t m2(m2+ w?)

mt mt o;
e ]+e sin wt I. m3(m2+m2) J

[(mzn-li-zmz)
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0V . wt(m?+ w?) ® Vi wm
te™ coswt dt —, smot [W —, St [< z+wz>z]+
2 2Y £ a2 2 w Vm @ Vm
S m (m -l; a; )t Z)an + w ] — cos wt [( 2erz)]+ sin wt [(m 2)]
m-+ o
] (m? + w?) wt — 2wm . _ 20m
+ sinwt (m? + w?)? () = {cosa) t [(m2+ 2)2] +sinwt [(m2+ wz)z]}'
_— . . Since
Substituting this equation to A(t), . . .
prARE © i) = () + i,(0)
then
wV, m@m?+ w?)t— m?+ w? . _ _
= _Tm e™ {coswt ( (mz-?- o772 ] i(t)= CieT™ + Cyte ™ . ;
(m* + w?) wt — 2om +me coswt (m"— o)
+ sin wt [ ]}) (m? + w?)?
2 2)2
(m?2 + w?) d t[ 2wm ]} 23)
sinwt [——=]|{ -
oV emt m? + w?)?
m
A= G 1 oy (MOt oDt where: m = 5
+ w?] cos wt 2L
+ [(m* + w?) wt — 2wm] sin wt}. Example 2. Suppose the given circuit parameters are:
R=10Q,L=1H,C=1/25F, Vu=12V, ® =3 rad/s

Solving for B(t) using variation of parameters formula,

B(t) = _f(_ y1(t) G(©)

(e_mt)(w Vm cos wt)

_ L
B(t) - f [(_e—mt)(_m t e—mt+ e—mt)+ (t e—mt)(_m e—mt)]
e ™ oV, cos wt
B(t) = L dt

mt e—th — e—th - mt e—th

e™ wV, coswt

B(t) = f -

Since o, V,, and L are constants,
wl
B(t) = Tm femt coswt dt.

From previous computation,

mt mt
[e™ coswt dt =

sin wt
)

me coswt+ w e

m2+ w?
therefore,

B() = wzlm[me

m coswt + we™

m? + w?

sin wt]

Substituting A(t) and B(t) to ix(t),
i) =A@ e ™ + B(t)te ™

ip(t)
wV, m@m?+ w?)t— m?+ w?
cos wt
(m? + w?)?
(m? + w?) wt — 20m
(m? + w?)?
coswt + we™ sin wt]

+ sin wt [

wV,[me™
L

Combining similar terms and simplifying,
ip(t) =

Vm

m? + w?

wV,

mt (m?+ w?) m

(m2- 0?)
cos wt [ 7 w?)?

cos wt [

The first step is to determine in what case the circuit belongs.

R* 107 s
412~ 4(1)?
11 _ e
t LC 1y
(1) (35)
S
since 2 - LC

then this falls under case 2.

Therefore, equation 23 must be used as shown below.
l(t) = Cle_mt + CZ t e_mt

(m? — w?)

(m? + w?)?

+sinwt [(mzzijinz)z)z]} (23)

The next step is to determine the roots,
R 10

T

wV
+ Tm {coswt

m= 5

2L

then plug-in the values to equation 23 to get
i(t)= Ce™ ™+ Cyte >

(3) (12) (5% - 3%)
T {3 ‘ [W
@B)G)

N3t |Gy 302 }

Simplifying,
i(t) = Ce™ 5+ C,te > + 0.498 cos 3t + 0.934sin 3t.

3.3 Conjugate and Complex Roots (Case 3)
The roots are conjugate and complex if

R? < 1

412 " LC’

The roots are
m=—a +jp.

(m?+ wz)z] a
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R? 1

where: 2" I

and f =

The complementary solution of the homogeneous equation is
i.(t) = Cie % cos St + C,e % sinft.

Then solve the particular solution using variation of
parameters. The assumed value of iy(t) is

ip(t) = A(t) e"* cos Bt + B(t) e ** sin Bt.

By using equations below,
dA N dB 0
dt yl dt 3’2 -

dA dy,

dt dt

dB dy,
+ Tt dr G(1),

we have the two simultaneous equations,
A(t) e *cosBt+B'(t) e *sinft =0 (24)
A Ol ) (=sinpt)(B) + (cos ft)(—ae )]
+ B'()[(e™*)(cos BY(B)
+ (sin Bt)(—ae™*Y)]
wV,, coswt
== - ®

Simplifying equation 25 will yield
A'(t) [e™* (- B sinBt — a cos ft)]
+ B'(t) [e™% (B cos Bt — a sinBt)]
wV,, cos wt

= . (26)

Use substitution and elimination to solve for A’(t) and B’(t).
Substituting equation 24 to equation 26 will yield

sin St
A'(t)= = B'(t
® ®) T
sin St
_ Bl t —at (_ 3 t— t
() o5 e 17 B sinft — @ cos )]
+ B'(t) [e™* (B cos Bt — a sinBt)]
_ @l coswt
o L
Simplifying,
B'(t)e ﬁSinzﬁt+ in St + t in Bt
e os Bt a sinf B cosB a sinf
_ wlh coswt
L
wV, coswt 4
B =
B sin? Bt
CospBt + [ cosft
wV, coswt 4
Ry — L ¢
B'® = f sin? Bt + B cos? Bt
cos ft

wV,, cos wt at

' _ L
@ = B (cos? Bt + sin? Bt)

NF 1JARP

but (cos? Bt + sin? Bt) = 1,then

wV,, e** cos Bt cos wt

B'(t) = 5L

Substituting B’(t) to A’(t),
sin St
A(t)= —-B'(t) —=
® ®) T

BL cos it
wV,, e** sin St cos wt

BL
Since o, V,, and L are constants the equation becomes,

wV,
A(t) = —B—Z' fe‘“ sin Bt cos wt dt.

The next step is to find the values of A(t) and B(t).
Solve for A(t) using product formula,

wV,, e%t cos Bt cos wt] sin it

A(t) = —[

At) = —

1 1
sinxcosy = Esin(x -y)+ Esin(x + )

1 1
sin Bt cos wt = Esin(ﬁt — wt) + Esin(ﬁt + wt).

Substituting the above equation to A(t),

A(t) = _a[;_Vr fe"‘t Esin(ﬂt — wt)
1
+ Esm(ﬁt + wt)] dt
A(t) = — %(;_VZL {f e* sin(ft — wt) dt

+ fe“f sin(Bt + wt) dt}.

Solving for

fe‘“ sin(ft — wt) dt

using integration by parts,
letu= sin(ft—wt); du
= (B — w)cos(Bt — wt) dt

dv = e dt; v=—e*
a

f e sin(ft — wt) dt
= [sin(ft — wt)] E eat]
_ f E eat] [(8 — w) cos(Bt — wt) dt]

f e% sin(ft — wt) dt
1
== e sin(ft — wt)

) je“t cos(ft

a
—wt) dt. (27)

Solving for
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fe“t cos(ft — wt) dt

using integration by parts,
letu = cos(ft —wt) ; du
= —(B — w) sin(ft — wt) dt

1
dv = e® dt; v=ae“t

fe“t cos(fit — wt) dt
1
= [cos(Bt — wt)] [E e“t]
1

e

— ) sin(ft — wt) dt]
fe‘” cos(ft — wt) dt

= % e® cos(ft — wt)

+ (B;w) fe“t sin(Bt
—wt) dt. (28)

Substituting equation 28 to equation 27,
f e* sin(ft — wt) dt
1
= et sin(ft — wt)
(B — w)
a

B - w

a

E e cos(ft — wt)

+ j e sin(Bt — wt) dt

f e sin(ft — wt) dt

1
== et sin(ft — wt)
B — w)

a?

- u J-e“t sin(ft — wt) dt

a?

e cos(ft — wt)

[1 + (B;—zw)z] j e“ sin(ft — wt) dt

1
= — e® sin(Bt — wt)

a
B-w .

pra cos(ft — wt)

f e* sin(ft — wt) dt
@B

% et sin(ft — wt) — %a)) e*t cos(ft — wt)

[1 + B ;zw)z]

NF 1JARP

e sin(ft — wt) dt
ae® sin(ft —wt) — (B — w)e* cos(ft — wt)

e sin(ft — wt) dt
ae® sin(ft — wt) — (B — w)e* cos(ft — wt)

- a’+ (B — w)? (29
Using the same procedure,

e sin(ft + wt) dt
_ae®sin(ft+wt) — (B + w)e® cos(ft + wt) 30)

a?+ (B + w)?
Substituting equations 29 and 30 to A(t),

1 WV a e sin(Bt-wt)- (B— w)e®® cos(Bt-wt) n

A = - 2 BL a?+ (B~ w)?
a e® sin(Bt+wt)— (B+ w)e®t cos(Bt+wt) ]
a2+ (B+ w)? ’

The equation for B(t) can be solved using integration as
shown below,

B(t) = fB’(t) dt

oV,
B(t) = Bl fe“t cos Bt coswt dt.

Using product formula, B(t) becomes

COSXCoSy = Ecos(x -y + Ecos(x +y)

1 1
cos ft coswt = Ecos(ﬁt —wt) + Ecos(ﬂt + wt)
oV,

B(t) = —— fe“t [lcos(ﬁt —wt) + lcos(ﬁt + wt)] dt
T BL 2 2

B(t) = %aﬁ)_Vzl U e® cos(ft — wt) dt

+ fe“t cos(ft + wt) dt].

Substituting equation 27 to equation 28,
f e cos(Bt — wt) dt

1
== e*t cos(ft — wt)

B - w)
a
B - w

a

+

1 at o;
[Ee sin(ft — wt)

fe“t cos(ft — wt) dt

Volume 3 Issue 6, June 2019

Www.ijarp.org




International Journal of Advanced Research and Publications
ISSN: 2456-9992

fe“t cos(ft — wt) dt

1
== e cos(ft — wt)

+ (/3;—260) e® sin(ft — wt)
- u fe"‘t cos(ft — wt) dt.

a2
Combining similar terms and simplifying,

fe"‘t cos(fit — wt) dt

B - w)

e cos(Bt — wt) + ;2
B - w)?
|1+ £

e® cos(Bt — wt) dt

ae® cos(ft — wt) + (B — w) e* sin(ft — wt)
a2
a+ (B — w)?
a2

QI

e® sin(ft — wt)

—

e® cos(ft — wt) dt
ae® cos(ft — wt) + (B — w) e* sin(Bt — wt)

B ZF (f = ) -G
Using the same procedure,

e cos(ft + wt) dt
_ae® cos(ft + wt) + (B + w) e sin(ft + wt) 32
h az+ (B + w)? -(32)
Substituting equations 31 and 32 to B(t),
B(t)
_ 1oV, [ae® cos(ft — wt) + (B — w) e™ sin(ft — wt)
2pBL a?+ (B — w)?

ae® cos(ft + wt) + (B + w) e sin(Bt + wt)
+ .

a?+ (B + w)?

Substituting A(t) and B(t) to iy(t),
ip(t) = A(t) e"** cos Bt + B(t) e~* sin ft

, _ 1 ovy a et sin(Bt-wt)— (B— w)e*t cos(Bt—wt)
lp(t) - 2 BL a?+ (B- w)? +
a et sin(Bt+wt)— (B+ w)e®t cos(Bt+wt) —at
2t (Bt )2 ] e " cosft +
1wVm [a e cos(Bt—wt)+(B— w) e®t sin(Bt-wt) n
2 BL aZ+(B- w)?
a e cos(Bt+wt)+(B+ w) e¥t sin(ﬁt+mt)] —at
ITISY: e sinft
. _ 1 wVy a sin(ft-wt)— (B— w) cos(Bt—wt)
ip(t) = 2 PL {cosﬂt [ it By +
a sin(Bt+wt)— (B+ w) cos(Bt+wt) _
aZ+ (B+ w)?
. a cos(ft—-wt)+(B— w) sin(Bt—wt)
sin St [ ()’ +
a cos(Bt+wt)+(B+ w) sin(Bt+wt) }
aZ+(B+ w)?

NF 1JARP

1 wV, .
()= — A {cos Bt [az T = ) sin(Bt — wt)
(B — w)
e e e cos(ft — wt)
a? + (lgz w)
+ m sin(Bt + wt)
B+ w)
- m COS(ﬁt + wt)
— sinft m cos(ft — wt)
B-w)
R e sin(Bt — wt)
a? + (ﬂa w)
+ m COS(ﬁt + wt)
+ % sin(Bt + wt)]}.

Since
sin(Bt + wt) = sinBtcoswt + cos Pt sin wt
cos(ft + wt) = cos Bt coswt F sin Bt sinwt,

then the equation becomes,

; — _lwm — (s —
ip(t) = 2 L {cosﬁt [a2+(ﬁ—w)2 (sin Bt cos wt

cos Bt sin wt) — B w) B (cos Bt cos wt +

a’+ (B-w
sin Bt sin wt) +

a X .
TR (sin Bt cos wt + cos St sin wt) —

_Bro) o , _
a2+ (f+ @)2 (cos Bt cos wt — sin Bt sin wt)]

. a . .
sin it [m (cos Bt cos wt + sin Bt sin wt) +
_B-w)

()2 (sin Bt cos wt — cos Bt sin wt) +

i Bt ) (cos Bt cos wt — sin Bt sin wt) +

B+ w)

T+ (B ) (sin Bt cos wt + cos St sin wt)]}

ip(t) = — 1 OV ¥ (sin Bt cos wt cos ft) —

om (o

2 BL (12+(ﬁ—w
a -

2+ - w)? (cos? Bt sinwt ) —

o)

o+ (f- w)?

ab(rﬁ(_Tﬂ))Z (cos Bt sin Bt sin wt) +

(cos? Bt coswt) —

a .
1 Gr o)k (sin Bt cos wt cos Bt) +

m (COS2 Bt sinwt) —
B+ w)
a?+ (B+ w)?
B+ w)
a?+ (B+ w)?

a .
@2+ (B- )2 (sin St cos wt cos ft) —

(cos? Bt coswt) +

(cos Bt sin Bt sin wt) —
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« )
————— (sin? Bt sinwt) — Since
a2(+1§ﬁ (cos? Bt + sin®?ft) =1,
m (sin? Bt cos wt) +
B-w) . . _ then the equation becomes,
a2+(/3 (cos Bt sin Bt sin wt) . 1wy a
m (sin Bt cos wt cos St) + L) = — 2 B L [_ a2+ (B — {4))2
— t t) — a .
azagf:)‘)")z (Sln ,3 sin w ) + m (sm wt)
W(sin2 Pt coswt) — [ B - )
% (cos Bt sin Bt sin a)t)} a?+ (B - w)?
M (COS (,l)t) }
Combining similar terms and simplifying, a’+ (B + w)?] '
1 wV, a
ip(t) = — 3 'le {— T = ) (cos? ft sinwt) Since
(ﬁ — w) l(t) = ic(t) + ip(t)v
— — % (cos? it cos wt) then
a”+ (Ié ) i(t) = Cie % cosft + C,e * sinft
+ m (COS2 Bt sin wt) 1 wl, [ a
B+ w) 2L a?+ (B— w)?
@ g wy P eseD ' J i)
— in
a o a? + (B-+ wyz] S
_ m (sin* Bt sin wt) _ B - )
(B — w) ., a’+ (B — w)?
_ m (sin* Bt cos wt) B+ w)
py ——————| (coswt) { .(33)
+ m (sin? St sin wt) a?+ (B + w)
B+ w) . 5 Example 3. Suppose the given circuit parameters are:
T T+ B+ w)E S Pt coswt) R=20Q,L=1H,C=0005F, Vo=10V, o =5 rad/s
1wV, (T a The first step is to determine in what case the circuit belongs.
i, (t) = — — — 2 2
ip(®) 2 BL { a2+(ﬁ—w)2 R_= 20 =100
412~ 4(1)2
+ m (cos? Bt sin wt) 1 B — 200
[ B w) LC (1)02005)"
a?+ (B — w)? since i < !
B+ w0 ] ] 412 " ILC’
+ 7t Gt o7 (cos? Bt cos wt) then this falls under case 3.
+ [ % Therefore, equation 33 must be used as shown below.
a + B - w) i(t) = Cie % cosfit + Cre % sinft
+ ﬁ (sin Bt sin wt) LA [_ a
?+é€23) 2 BL a?+ (B — w)?
|l a ]
it T G onl e
————————| (sin® Bt cos wt)} _ G w)_
a?+ (B + w)?] 2z + (B — w)?
B+ w) |
—_—— t 33
i(t):_la)Vm 3 a 2+ Bt )2 (coswt) ¢ (33)
P 2 BL a?+ (B — w)?

The next step is to determine the roots,

+ m} (sin wt) (cos? St

+ sin? Bt ) _ R R 1
_[ B~ o m=-at jwT
a?+ (B — w)?
B+ | sy ot pe _ 20 ijzozz_ 1
aZ + (ﬁ—+ BE cos wt) (cos 700 e D0.005)
+Sin2ﬁt)}. m=—10 + j 10

a=10 and L =10
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then plug-in the values to eq. 33 to get Philippines Los Bafios in 2003, MS Mathematics at University of
i(t) = Cie % cos10t + C,e % sin10t Batangas in 2012, and MS Electrical Engineering major in Power
1 (5)(10) 10 System at Mapua Institute of Technology in 2016. He is currently
- = {[— pursuing his Doctor of Technology degree at Batangas State

2 (10) (3) (10)2+ (10— 5)? University.

* @0+ o7 5z SN
(10 — 5)
~ |(10)2+ (10 — 5)2
(10 + 5)

(10)2+ (10 + 5)] (COSSt)}'

Simplifying,
i(t) = Cie % cos 10t + C,e 1% sin 10t + 0.215 cos 5¢
+ 0.123sin 5t .

4. Conclusion and Recommendations

This study was able to derive the variation of parameters
formula for electric circuit analysis specifically series
resistor, inductor and capacitor. Results showed that the
variation of parameters can be used as a method for solving
series RLC electric circuit. The researcher strongly
recommend to conduct study on the application of variation
of parameters to other engineering discipline such as
mechanical, chemical and civil engineering. Furthermore, the
researcher recommends to compare and to relate the
variation of parameters to other method such as Laplace
transformation and power series method.
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