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ABSTRACT: In this research, we consider certain results characterizing the generalization of Beta and Half Normal distribution through
their distribution functions and asymptotic properties. The resulting Beta-HalfNormal Distribution [BHND] was defined and some of its
properties like moment generating function, survival rate function, hazard rate function and cumulative distribution function were
investigated. The distribution was found to generalize some known distributions thereby providing a great flexibility in modeling symmetric

heavy tailed, skewed and bimodal distributions.
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1 Introduction

In recent times, researches have used mixed distribution as
an alternative to some distributions, the half-normal
distribution is a special case of the folded normal and
truncated normal distributions. It was used to model
brownian movement and can also be used in the modeling
measurement data and lifetime data. Advances in distribution
theory indicate that mixed distribution has received
appreciable consideration in recent years. Many compound
distributions have been derived based on this approach. Let
X~N(0,6%), then Y = |X| follows half normal distribution.
The Half-normal is a fold at the mean of an ordinary normal
distribution with mean zero, where o is the scale parameter.
The beta distribution is one of the skewed distributions used
in describing uncertainty or random variation in a system. It
can be used to rescale and shift to create mixture of
distributions with range of shapes. The beta and half-normal
distribution can be compounded to form the mixture of beta
and half-normal distribution which is our proposed
distribution (BHND) .

1.1 Methods :The beta family of distribution became
popular some years back and several works have been done
regarding beta compounding with other distribution which
include beta-
normal(Eugene&Famoye,2002)[2];betaGumbel(Nadarajah&
Kotz,2004)[3],betaWeibull(Famoye,Lee&Olugbenga,2005)[
4], Beta-exponential (Nadarajah&Kotz, 2006) [5]: bata-
Rayleigh  (Akinsete&Lowe, 2009) [6]:beta-Laplace
(KozubowskiNadarajah, 2008)[7]: beta-pareto (Akinsete,
Faye & Lee, 200)[8]; beta-Gamma, beta-f,beta-t, beta-beta,
beta-modified weibull, beta-nakagami among others. Let
X~N(0,6°), then Y = [X| follows half normal distribution, if
its probability density function is defined as follows:
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Therefore the mean of half-normal distribution is represented
by (2) below;
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Since y = =, then x¥*=2yc? ; x = ,/2yc? = 0,/2y .

Since we have established that x = /2y , substitute for x =
2y in (3).
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Recall that erf(o0) = 1, erf(0) = 0

=22 (I erf((y) ™) =
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Then E(x°) = g2
Variance of Half-normal distribution can be obtained as (4).

Var(x) = E0d) — (EM)? = 0% — (32 = g2 - 22
o?(1-2) (4)
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2 The proposed Beta-halfnormal Distribution

(BHND)

Now by using the logit of beta defined by Jones, the mixture
of Beta-Halfnormal distribution can be obtained. Now let X
be a random variable from the distribution with parameters
and defined by (1) using the logit of Beta defined by Jones
as:

9= [F()]* 7 [1 = FO)I* f (x) (5)

B(a b)

since x~ HN(0,02), the we need to obtain the cumulative
density of Halfnormal distribution, and it can be obtained as
follows:
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The cumulative density can also be obtained in term of error
function as follow:

F)=/y “Ze 5 dx (7)
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By using the change of variables and let y—

dx =
ovz
multiplication. Now substitute for y and dx in (7)
t V2 _
F(y,o) = f—e Yo2dy = f 0 58 ¥ dy = erf(y) =

erf( \/_) erf(0) ;whent = 7. Therefore, the F(y; g ) in

term of error function is displayed below

Funo(Y; 0)= erf( \/_) orF(x;o) = erf( ) (8)

The pdf of Beta-halfnormal can thereby be obtained by
applying the logit of beta as defined by Jones as expressed in
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The pdf of Beta-halfnormal distribution is represented by (9)
above
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BHND can be written in it short form when we F(x; o) = Z
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2.1 Cumulative Distribution Function (BHND)
Ferno(X)=
t 1 x \,&~
Jo B(a,b) [erf (ﬁ)]
1

B(a b)
incomplete

[1—erf( )]b 10\/\/__6 2022dx

ft a-1(1 — Z)P=1 dz ; by following the approach of
beta function, which B(x;a,p) =
fotx“‘l (1 —x)P~1. from this expression, we can conclude

1 b—1 _ B(Zab)
thatB( b)f 7971 —-2z)Ptdz = o) I2(a, b) , where
I2(a, b) is the regularized incomplete beta function.

states

B(Z;a,b)

Ferno(z) = 12(a, b) = B(ab)

(11

The incomplete beta function B(z; a, b) can be defined in
term of hypergeometric function below:

Bzab)=5F (a1-b;a+1;2)(12)

The (12) can also be given by the power series below:

(1-b)
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Z" (13)

The power series represented by the (13) can be expanded as
follow
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Feuno(z)  represent  the cdf of Beta-Halfhormal

Distribution(BHND) as defined in (14).

2.2 The Assymtotic properties
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If as x — 0, the pdf (fgunp(X)) also tend to zero and as x—
the pdf (fsyno(X)) also tend to zero, then it is an indication
that there exist at least on model in pdf of Beta half-normal
distribution

2.3 Hazard Rate Function

The hazard rate is of Beta halfnormal distribution is
expressed as

FBHND (x)

h(x) =

(1—=FBHND (x)) '

where(1 — Fgynp (x)) Is the survival rate, and is defined as
S(x), then the survival rate is expressed as:

_ B (Z;a,b)y __ B(ab)-B(Z;a,b)
(1 - FBHND (z)) - (1 - B(ab) ) - B(a,b)
h(x)=

B(a,b)~1z% 1 (1-z)b-1 7
B(a,b)—B(Z:a,b)
B(a,b)
7871 (1-z)b-1 7
B(a,b)-B(Z;a,b)
= x
where Z = erf (U JZ), then

I
a—1 b

= lim (erf(a\/_)) (1 _erf<ax2)> —e 202

o B(a,b) — B (erf (ax ) : )

]

V2.
i [erf (ai\}f)] ' [1 — erf( )
. B(a,b) — B (erf( )
[erf(e0)]® 1 [1 — erf(oo )]b 1x0

B(a,Ob) -B (erf (aL\/f) i a, b)

_ za-1 (1—Z)h_1 7'
B(a,b)

B(a,b)
B(a,b)-B(Z;a,b)

v

B B(a,b) — B (erf(Lﬁ);a’b) =0
And, o
b
a-1 b1 02
G (o) e

x-0 B(a,b) — B (erf (0_\/7) ;a, b)
(erf(0))4~1 (1 — erf(0))?~1 ﬁeo
_ oV

B(a,b) — B (erf(a;:/i) s a, b)

_ 0x 0>t 0_\/\/7_
B(a,b) — B (erf(—X=
)

=0

) B(a,b) — B (erf(%) ; a,b)

() (]
¥ 1JARP
2.4 Moment Generating Function

Hosking (1990) describe that when a random variable
following a generalized beta generated distribution, such that
X~GBG(f,a,b,c) , then u,. = E(F'UY)", where U~B(a,b) , c=
constant and F*(x) is the inverse of CDF of the Halfnormal
distribution, since BHND (a.b,o) is a special form when ¢ =
1. Then the mgf of the proposed distribution m(t) and the
general ™ moment of the beta generated distribution is
defined by

, 1 1
) f [FL )] 2 [1 — x>~ dx
. 0

Cordeiro and de Castro discussed moment generating
function of y for generated beta distribution as :

M(t):
B(ab) Zo(=D) ( ) p(t,ai — 1) ;where p(t,r) =
[ e FOT f (x)dx

Theerefore,M(t)=

7z
B(ab) 0(_ )l( )J‘ etx [erf( )]al 1m/_e zazdx
The moment generating function for Beta Halfnormal

Distribution is obtained as shown below

M(t)- 2
s S0 (O ) e lers (St e
(15)

Let a=b=i=1, M(t) become the mgf of parent distribution
2.5 Estimation of Parameter

2.5.1 Log-Likelihood Function
Cordeiroet. al [2011] gave the log-likelihood function for
6 = (a,b,c,t),wheret = o as

L(@) = nlogC —nlog[B(a,b)] + X, logf (x;;7) + (a —
DY, logF(x;;t) + (b — 1) X, log(1 — FC (x5 7))

The Generalized Beta distribution reduces to the class of
Beta generated distribution when ¢ = 1. We hereby have
6 = (a, b, 1,0) which can be rewritten as

L(9) = —nlog[B(a,b)] + X, logf (x;;7) + (a —
DY logF(x;;1) + (b —1) X, log(1 — F°¢ (xl ;7))
=—nlog[B(a, b)] + log[—e 2”2] + (a—-
)X, loglerf (Z5)] + (b 1) z (1= erf (Z5)]
_0L) _ -ni(a) nr(a+b)
== @ + r§a+b) *  log [erf( )] (16)
=20 = Oy ":((j;’jj zizl log[1 — erf (5)1 (17)
e _
do

e 1(,mlog[—e 262]+(a—1)ZL 155 log[erf( )]+

0 =DILis, ~log[1 - erf ()1 (18)
Smce log [erf ( )] can be obtained as follows
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When erf (x) is expressed in term of confluence
hypergeometric function of the first kind

=ZM(G )

ar _ . \n2 -x2
L D L, e

e‘sz( 1,% ,x2)
Therefore

where H,_; (x) is Hermite polynomial
_ 2 (1 2 1 .2
erf(X)=m 2y (E X ) ,Where y (E , X )
erf(x)could be view as incomplete gamma function, it
can therefore be expressed by the maclaurin series in (19).
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By following (19) , log [erf ( )] can be view as

ceR;(x<0and o <O and erf (a_ﬁ)

and erf( ) €R)
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By using (19), the series expansion as at ¢ = 0 represented by
(20).
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By using (19), the series expansion as at 6 = o represented
by (21).
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Substitute (21 and 22) in (18)

~1 i %mgu —erf (G%)]

! E R )) lﬂ)ﬂb—

oterf(75)
x2
o oxea[Z
DI ) =0 @)

The equation 16, 17 and 23 can be solved using Newton
Raphson Algorithm to obtain the estimate of @, b and 3, the
MLE of (a,b, o) .To test the necessary hypothesis about the
significance of the model parameters and the construction of
confidence interval, we need to obtain the second derivative
of equation (16,17 and 23) with respect to the parameters of
interest with a view to constructing Fisher’s information
matrix.

2.5.2 Maximum A Posteriori Estimation (MAPE)

When we consider ¢ as a random variable, the bayes convert
our belief about the parameter o of Halfnormal distribution
(before seeing data) into posterior probability, P(o | X) , by
using the likelihood function P(X|o) .The maximum a-
posteriori (MAP) estimate is defined as:

=0 = argmax (P(c | X)) = argmaxsw
P(X)
The MAP gives the researcher the flexibility of injecting his
prior belief about the parameter estimate into the new
estimate.
= argmax [l , Pr(X|o) .Pr(o)
=argmax log[1y, , Pr(X|o).Pr(a)
=argmaxy.,, , log Pr(X|o) + log Pr(o)

x2
Pr(oX=x) = J—‘/\/Eﬁe_m and Pr(o) = 7= 0@ (1 — g)>~
= log [[1;=1 halfnormal(X; |o) x (Beta(a|a, b))]
= Y1 log halfnormal(X; |o) + log Beta(o|a, b)
We can solve ; oy 4p = argmax L

logL = nlogV2 — nlogo — % +logB(a,b)™! +
(a — Dlogo + (b — Dlog(1 — o)

R = =024

=229 = logo ++-logB(a,b)™* =0 (25)

=al§—l‘)gL = log(1—o0) + :—blogB(a, b)~1 =0 (26)

By solving equation (24,25 and 26) the estimate of (a, b and
o) can be obtained , and significant for the parameter of the
model can be obtained via log likelihood , AIC or BIC.
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thenn = o ,by crossmultiplication,

we will obtain the estimate of ¢ From the Half-normal

2
distribution as 6 = /ZTX

The equation derived above can also be solved using
iteration method [Newton Rapson] to obtain parameter
estimates using maximum likelihood estimation technique.
Taking the second derivatives of the equations 24,25, 26
with respect to the parameter, it is possible to derive the
interval estimate and hypothesis tests on the model
parameters. This will be shown in our further research.

3 Conclusions

By compounding two or more probability distributions, we
get the corresponding hybrid distribution with increased
number of parameters which is believed to give the newly
compounded distribution more flexibility, consistency,
stability, sufficiency uniqueness and wider applicability as
compare to its parent distribution. Therefore, the hybrid
distribution Beta-halfnormal Mixture distribution is said to
have vast applicability extending beyond modeling simple
Brownian movement but can be used to model statistical
behavior of stochastic processes such as the growth of
tumors’ cells in an oncology’s study of benign
transmogrifying to malignant tumor, studying the
consumers’ buying behavior and in complex epidemiological
studies because of its increased number of parameters which
give the hybrid distribution more flexibility to model many
stochastic phenomena.
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